ABSTRACT. In this paper, we consider a problem of meromorphic functions that share an arbitrary set having two elements with their derivatives. We obtain a uniqueness result which is an improvement of some related theorems given by Lü and Xu's. We also generalize the famous Brück conjecture with the idea of sharing a set.
Let g be another non-constant meromorphic function. If E f (S) = E g (S), it is said that f and g share the set S CM (counting multiplicity), or write f ∈ S g ∈ S.
If E f (S) = E g (S), it is said that f and g share the set S IM (ignoring multiplicity), or write f ∈ S ⇐⇒ g ∈ S.
If the set S has only one element, say a, then E(a, f ) = E(S, f ), all above definition can see [24] . For a set E ⊂ R + , let m(E), resp. λ(E), denote the linear measure, resp. the logarithmic measure, of E. By χ E (t), we denote the characteristic function of E. Moreover, the upper logarithmic density and the lower logarithmic density of E are defined as log dens(E) = lim sup
log r , log dens(E) = lim inf
Observe that E may have a different meaning at different occurrences in what follows.
In 2003, Fang and Zalcman (see [7] ) studied the problem of entire functions which share a set with their first derivatives and proved the following result.
Ì ÓÖ Ñ 1.1º There exists a finite set S containing 3 elements such that if f is a non-constant entire function and E(S, f ) = E(S, f ), then f = f .
In 2007, Chang, Fang and Zalcman (see [4] ) extended the above result to an arbitrary set having three elements as follows. (a + b + c) and
where C is nonzero constant.
In 2008, Chang and Zalcman (see [5] ) replaced the entire function by a meromorphic function with at most finitely many simple poles in Theorem 1.1.
Ì ÓÖ Ñ 1.3º There exists a finite set S containing 3 elements such that if f is a meromorphic function with at most finitely many simple poles and E(S, f
In fact, Chang and Zalcman (see [5] ) obtained a more precise result in the same paper. 
and
It is natural to ask whether Theorem 1.4 remains valid if the set S = {0, a, b} is replaced by arbitrary set having 3 elements. In fact, the problem is difficult to handle.
Under the additional condition that the function f has at most finitely many poles, very recently, Lü (see [14] ) partially solve this question. In fact, Lü (see [14] ) proved the following theorem which generalizes the previous results, such as Theorem 1.1 and 1. In 2008, Lü and Xu (see [15] ) obtained the following result.
Ì ÓÖ Ñ 1.6º Let a and b be two distinct finite complex numbers with a+b = 0, and let f (z) be a nonconstant entire function. If f and f share the set {a, b} CM, then one and only one of the following conclusions holds:
where A is a nonzero constant.
Naturally, we ask whether the number of elements in the set S in Theorem 1.2, 1.4, 1.5 can be reduced or not.
Likewise to the Theorem 1.5, we consider the meromorphic function and obtain the following result. In order to obtain our main result, we need the following two theorems. The first one is to derive the property that f is of finite order. The second one is to deduce that f reduces to an entire function. The two theorems are very essential to the proofs of Theorem 1.7. for the further study of this kind of problems, we obtain the two theorems under some assumptions which are weaker than those of Theorem 1.7. The proofs of Theorem 1.8 and 1.9 have roots in [8, 15] and [21] respectively. Let z 0 be the zero of f − α with multiplicity p and the zero of f − α with multiplicity q. We denote by N L (r, 0, f − α) the counting function of the zeroes of f − α where p > q ≥ 1, each point counted p − q times. In the same way, we can also define N L (r, 0, f − α). where a is a constant (see [21] ). 
is a meromorphic function of order no more than s.
Let a be a finite complex value. We say f (z) = a → g(z) = a if z n (n = 1, 2, . . . ) are the zeros of f − a with multiplicities v(n) and z n (n = 1, 2, . . . ) are also zeros of g − a with multiplicities at least v(n). By the argument using to prove [14: Proposition 2], we can deduce the following result.
Ì ÓÖ Ñ 1.10º Let f be a transcendental meromorphic function with at most finitely many poles; and let S = {a, b}, where a, b are distinct complex numbers.
Combing Theorem 1.8, 1.9, 1.10 yield the conclusion of Theorem 1.7. In Theorem 1.7, we assume that f is transcendental. Unfortunately, we do not know whether the theorem still holds or not if f is a rational function.
In 1996, Brück posed the following conjecture, see [2] .
ÓÒ ØÙÖ º Let f be a non-constant entire function such that the hyper-order
where c is a nonzero constant.
FURTHER RESULTS ABOUT UNIQUENESS OF MEROMORPHIC FUNCTIONS
Since then, under some additional conditions many results related to the conjecture have been obtained, i.e. [6, 10, 13] , But the conjecture is still open. it is interesting to ask the following question about it.
ÉÙ ×Ø ÓÒº Whether the conjecture holds if sharing one value is replaced by sharing a set having arbitrary 2 elements?
As a matter of fact, Theorem 1.10 answers the above question in some sense.
Some lemmas
In order to prove our theorems, we need the following lemmas. Let h be a meromorphic function in C. h is called a normal function if there exists a positive M such that h (z) ≤ M for all z ∈ C, where
denotes the spherical derivative of h.
Let F be a family of meromorphic functions in a domain D ⊂ C. We say that F is normal in D if every sequence {f n } n ⊆ F contains a subsequence which converges spherically and uniformly on compact subsets of D, see [19] .
Normal families, in particular, of holomorphic functions often appear in operator theory on spaces of analytic functions, for example, see, 
Ä ÑÑ 2.1º ([18, 25]) Let F be a family of analytic functions in the unit disc with the property that for each f (z) ∈ F, all zeros of f (z) have multiplicity at least k. Suppose that there exists a number
3. a sequence of functions f n ∈ F; and 4. a sequence of positive numbers ρ n → 0 such that g n (ξ) = ρ −α n f n (z n + ρ n ξ) converges locally and uniformly (with respect to the spherical metric) to a nonconstant analytic function g(ξ) on C, and moreover, the zeros of g(ξ) are of multiplicity at least k, g (ξ) ≤ g (0) = kA + 1.
Ä ÑÑ 2.2º ([3]) A normal meromorphic function has order at most two. A normal entire function is of exponential type, and thus has order at most one.

Ä ÑÑ 2.3 (Marty's criterion)º ([19]) A family F of meromorphic functions on a domain D is normal if and only if for each compact subset
Ä ÑÑ 2.4º (see [9] ) Let f (z) be a transcendental meromorphic function of finite order ρ, and let ε > 0 be a given constant. Then there exists a set H ⊂ (1, ∞) that has finite logarithmic measure, such that for all z satisfying |z| / ∈ H ∪ [0, 1] and for all k, j, 0 ≤ j < k, we have
In order to state the following lemma, we need the notation M (r, f ) to denote the maximum of an entire function f , that is
We also need the definition of central index v(r, f ), where f is an entire function. Suppose that the Taylor expansion of entire function f is
For a given r > 0, the maximum term
|a n |r n is well-defined. We define the central index v(r, f ) as the greatest exponent m such that µ(r, f ) = |a m |r m . For a transcendental entire function, it is known that ν(r, f ) → ∞ as r → ∞ (see [12] ).
Ä ÑÑ 2.5º (see [11, 12] ) Let g be a transcendental entire function, let 0 < δ < 1 4 and z be such that |z| = r and that |g(z)| = M (r, g)ν g (r) 
holds for all m ≥ 0 and all r / ∈ F .
Ä ÑÑ 2.6º (see [23] ) Let f (z) be an entire function of finite order ρ, and M (r, f ) = f (re iθ r ) for every r. Given ζ > 0 and 0 < C(ρ, ζ) < 1, there exists a constant 0 < l 0 < 1 2 and a set E ζ of lower logarithmic density greater than 1 − ζ such that
for all r ∈ E ζ large enough and all θ such that |θ − θ r | ≤ l 0 .
FURTHER RESULTS ABOUT UNIQUENESS OF MEROMORPHIC FUNCTIONS
Ä ÑÑ 2.7º (see [22] ) Let f (z) be a non-constant entire function of finite order.
Suppose that α is a non-zero small function of f . Then there exists a set E ⊂ (1, ∞) satisfying log dens(E) = 1, such that
Ä ÑÑ 2.8º (see [17] ) Suppose that
∈ G, we have
3)
where
Ä ÑÑ 2.9º (see [1] ) Let w(z) be an entire function of order ρ(w) = β < 
The proof of Theorem 1.8
We now carry out the proof by distinguishing two cases.
Case 1: f has unbounded spherical derivative.
Then there exists a sequence (w n ) n such that lim n→∞ f (w n ) = ∞. Since f is continuous, f is unbounded on every compact set and w n → ∞ as n → ∞. Noting that f has at most finitely many poles, then there exists a positive number r such that f has no poles in z : |z| > r . Let D = z : |z| > r . Then f is analytic in D.
In view of w n → ∞ as n → ∞, without loss of generality, we may assume |w n | ≥ r + 1 for all n. Define D 1 = z : |z| < 1 and
Then every K n is analytic in D 1 and K n (0) = f (w n ) → ∞ as n → ∞. It follows from Marty's criterion that (K n ) n is not normal at z = 0. Therefore, applying Lemma 2.1 and choosing an appropriate subsequence of (K n ) n if necessary, we may assume that there exist a sequence (z n ) n ∈ D 1 and (ρ n ) n such that z n → 0, ρ n → 0 and
locally uniformly on C, where g is a nonconstant entire function such that
We know g is a nonconstant entire function. Without loss of generality, we can assume that g − a has zeros in C. Let ζ 0 is a zero of g − a. Consider the family
We claim G is not normal at ζ 0 . In fact, g(ζ 0 ) = a and g(ζ) ≡ a. From (3.1) and Hurwitz's Theorem, there exist ζ n , ζ n → ζ 0 and g n (ζ n ) = a. Then G n (ζ n ) = 0. However, there exists a positive number δ such that ∆ δ = z ∈ D : 0 < |ζ − ζ 0 | < δ ⊂ D and g(ζ) = a in ∆ δ . Thus for each ζ ∈ ∆ δ , g n (ζ) = a (for n sufficiently large). Therefore for each ζ ∈ ∆ δ , we have G(ζ) = ∞. Thus we have proved that G is not normal at ζ 0 .
Noting that G n (ζ) = 0 =⇒ G n (ζ) = a or b, and using the Lemma 2.1 again, we can find ζ n → ζ 0 , η n → 0 and G n ∈ G such that
locally uniformly on C, where F is a nonconstant entire function such that
We claim that
(1) F only has finitely many zeros.
We first prove Claim (1). Suppose ζ 0 is a zero of g(ζ) − a with multiplicity k. If F (ξ) has infinitely many zeros, then there exist k + 1 distinct points ξ j (j = 1, . . . , k + 1) satisfying F (ξ j ) = 0 (j = 1, . . . , k + 1). Noting that F (ξ) ≡ 0, by Hurwitz's Theorem, there exists N , if n > N, we have F n (ξ jn ) = 0 (j = 1, . . . , k + 1) and g n (ζ n + η n ξ jn ) − a = 0. Note that
then ζ 0 is a zero of g(ζ) − a with multiplicity at least k + 1, which is a contradiction. Thus we have proved Claim (1).
FURTHER RESULTS ABOUT UNIQUENESS OF MEROMORPHIC FUNCTIONS
Next we prove Claim (2) . Suppose that F (ξ 0 ) = 0, then by Hurwitz's Theorem, there exist ξ n , ξ n → ξ 0 , such that (for n sufficiently large)
Thus f (w n + z n + ρ n (ζ n + η n ξ n )) = a. By the assumption, we have
This proves F (ξ) = 0 =⇒ F (ξ) = a or b.
In the following, we will prove
which is a contradiction. Then by Hurwitz's Theorem, there exist ξ n , ξ n → ξ 0 , such that (for n sufficiently large)
If there exists a positive integer N , for each n > N, we have
it contradicts with F (ξ 0 ) = a. Hence there exists a subsequence of {f n } (which, renumbering, we continue to denote by {f n }) satisfying that
Thus we derive
Hence we have proved Claim (2). Since ρ(F ) = ρ(F ) ≤ 1, then by the Nevanlinna's second fundamental theorem,
From Claim (1), we get N r,
In the following, we consider two subcases: Subcase 1: ab = 0. Without loss of generality we assume a = 0. We know that F has zeros, then F has multiple zeros. We assume deg(F ) = n, then T (r, F ) = (n − 1) log r and S(r, F ) = O (1) . By (3.2) we get
Thus we derive that F only has one multiple zeros with multiplicity 2 and F only has one zero with multiplicity 1, which yields that n = 2. Set 
m).
By f and f share {a, b} CM, we get f −a only has simple zeros. Thus
We claim that there exist infinitely many n satisfying
Otherwise we assume that for all n, there exist j ∈ (1, . . . , m) satisfying
We take a fixed number l ∈ (1, . . . , m) satisfying (for infinitely many n)
which contradicts with F (ξ 0 ) = a. This proves (3.3). Therefore,
As n → ∞, we get ξ 0 is a zero of F with multiplicity at least m. This proves F = a → F = 0. Similarly we can get F = b → F = 0. Thus we have proved
From this, we know F − a and F − b only have simple zeros. Suppose that deg(F ) = n, then n = 2(n − 1) and n = 2. Set
Without loss of generality, we assume that F (ξ 1 ) = a and F (ξ 2 ) = b, we get a + b = 0. It is a contradiction.
So, the case cannot occur.
Case 2: f has bounded spherical derivative.
By the conclusion of Lemma 2.2, we conclude that f is of finite order. Combing Case 1 and 2, we finish the proof of Theorem 1.8.
Proof of Theorem 1.9
By Theorem 1.8, noting that f has only finitely many poles and of finite order, then there exists a polynomial H such that fH is an entire function. Set F = fH. Then F is a transcendental entire function with finite order the same as f .
Under the hypothesis of Theorem 1.9, it follows from a generalization of Hadmard's factorization theorem to the case of meromorphic function, that
where Q is a polynomial, entire functions h 1 and h 2 satisfy
Therefore, from (4.1), h = h 1 /h 2 is a meromorphic function of order no more than s, and s < 1. Specially, when f and f share α CM, then h must be a non-zero constant. Clearly, if Q is a constant, Theorem 1.8 holds under this condition. Thus, we may assume that Q is a polynomial of deg Q = m > 0 in the following argument. In this case, it is easy to see that f only can be transcendental.
JIANMING QI -TAIYING ZHU
We rewrite (4.1) as
Since H is a small function of f , then by Lemma 2.7, there exists a set E of lower logarithmic density 1 such as
holds for |z| = r ∈ E, r → ∞. Since H is a polynomial, there exists a r 1 such that
|z| → 0 (where p is the degree of polynomial H). Next, by Lemma 2.5, we have
Furthermore, from the definition of the central index, we know that ν f (r) → ∞ as r → ∞. On the other hand, by Lemma 2.4, we also have 6) for all z satisfying |z| = r / ∈ K where λ(K) < ∞, and ε is any given positive constant. We may take θ r such that M (r, F ) = |F (re iθ r )| for every r. By Lemma 2.6, for the given constants 0 < C < 1 and 0 < ζ < 1, there exists a constant l 0 and a set E ζ with lower logarithmic density more than 1 − ζ such that
for all r ∈ E ζ and |θ − θ r | ≤ l 0 . Recall now that the characteristic functions of E and E ζ satisfy the relation
Clearly, log dens(E ∪ E ζ ) ≤ 1. Thus, we get 1 − ζ ≤ log densE + log dens(E ζ ) − log dens(E ∪ E ζ ) ≤ log dens(E ∩ E ζ ).
Obviously, the upper logarithmic density of (E ∩ E ζ ) \ (F ∪ H ∪ G) is also more than 1 − ζ, where G is a exceptional set of he Q as defined in Lemma 2.8. Thus, there exists a sequence of points z n = r n e iθ n with r n tending to infinity and 
The proof of Theorem 1.10
Noting that f has only finitely many poles and of finite order, then there exists a polynomial H such that fH is an entire function. Set F = fH. Then F is a transcendental entire function with finite order.
By the proof of Theorem 1.9, similarly we can prove 
